Abstract The estimation of the seismological parameters of historical earthquakes is a key step when performing seismic hazard assessment in moderate seismicity regions as France. We propose an original method to assess magnitude and depth of historical earthquakes using intensity data points. A flowchart based on an exploration tree (ET) approach allows to apply a consistent methodology to all the different configurations of the earthquake macroseismic field and to explore the inherent uncertainties. The method is applied to French test case historical earthquakes, using the SisFrance (BRGM, IRSN, EDF) macroseismic database and the intensity prediction equations (IPEs) calibrated in the companion paper (Baumont et al. Bull Earthq Eng, 2017). A weighted least square scheme allowing for the joint inversion of magnitude and depth is applied to earthquakes that exhibit a decay of intensity with distance. Two cases are distinguished: (1) a ''Complete ET'' is applied to earthquakes located within the metropolitan territory, while (2) a ''Simplified ET'' is applied to both, offshore and cross border events, lacking information at short distances but disposing of reliable data at large ones. Finally, a prioridepth-based magnitude computation is applied to ancient or poorly documented events, only described by single/sporadic intensity data or few macroseismic testimonies. Specific processing of ''felt'' testimonies allows exploiting this complementary information for poorly described earthquakes. Uncertainties associated to magnitude and depth estimates result from both, full propagation of uncertainties related to the original macroseismic information and the epistemic uncertainty related to the IPEs selection procedure.
Introduction
When performing seismic hazard assessment studies, it is essential to take into account the historical seismicity, especially in low-to-moderate seismic activity regions such as France. Indeed, the instrumental period, which started in 1962 with the deployment of the CEA-LDG seismic network, does not include major earthquakes that occurred in the pre-instrumental period, and that are decisive while performing seismic hazard assessment for French critical facilities. The location and magnitude of these earthquakes must be assessed based on macroseismic data, which is the only information available for historical earthquakes.
Over the past decades different methods have been proposed to estimate the depth and the magnitude of earthquakes from macroseismic data. A common way of estimating the depth is based on the work of Kövesligethy (1907) and Sponheuer (1960) , which is at the origin of the intensity attenuation models derived during the last decades worldwide. These authors show that intensity, when a sufficiently large number of points are available, exhibits a regular decreasing pattern with distance, which can be accounted for using a simple energy radiation model involving a point source. Their model can be written as follows (Burton et al. 1985) :
where I epc is the epicentral intensity; I j and R j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi D 2 j þ h 2 q are the intensity and mean hypocentral radius of the jth isoseismal (D j being the epicentral distance and h the focal depth); k is the proportionality factor between intensity scale degrees and ground motion amplitude; m describes the geometric spreading of the wave amplitude (1 for body waves), a is the absorption coefficient, depending on wave frequency and soil conditions and e is Euler's constant. Different authors apply the Sponheuer's (1960) model to estimate focal depths of historical earthquakes, using either isoseismals (e.g. Ambraseys 1985; Levret et al. 1994; Musson 1996) or individual intensity observations (Scotti et al. 1999; Gasperini et al. 2010) . The methods proposed in the literature to estimate the magnitude of earthquakes using macroseismic data mainly refer to three approaches (Gasperini et al. 2010) . The first dates back to the work of Richter (1935) , considers that the epicentral intensity is representative of the strength of the seismic source and relates it to the instrumental magnitude using an empirical relationship. However, when disposing of a macroseismic field for the considered earthquake, this approach is restrictive. The second approach relates the magnitude to the felt area (e.g. Galanopulos 1961; Toppozada 1975; Sibol et al. 1987) , to the area within all available isoseismal lines (Gasperini and Ferrari 2000) , or to the isoseismal radii (e.g. Ambraseys 1985) . Johnston (1996) and Bakun and Wentworth (1997) point out that magnitudes determined using isoseismal areas are robust estimates only when the amount and the spatial distribution of the macroseismic observations available (hereafter referred to as intensity data points-IDPs) are sufficient to determine isoseismal areas with precision. To overcome the practical difficulties that can arise in determining isoseismal areas from sparse intensity datasets, Bakun and Wentworth (1997) propose a third approach, in which a magnitude M j is estimated for each IDP using an intensity attenuation model (hereafter called Intensity Prediction Equation-IPE). Then, the preferred earthquake magnitude is the mean of all M j :
This approach has been applied worldwide for historical earthquake magnitude estimation, e.g. France (Bakun and Scotti 2006) , Northern Rhine area (Hinzen and Oemisch 2001) , Eastern North America (Bakun et al. 2003) , Southern California (Bakun 2006) , Ecuador (Beauval et al. 2010) .
In this work, the estimation of the seismological parameters (M W and depth) of historical earthquakes from available IDPs makes use of isoseismal-radii-based IPEs in which the isoseismal radii are defined according to different types of metrics. Detailed description of these metrics can be found in the companion paper by Baumont et al. (2017) , who reappraise the strategy developed by Baumont and Scotti (2011) in Stucchi et al. (2013) . The computation of the seismological parameters is then integrated in an exploration tree (ET) framework. Depending on the characteristics of the macroseismic field available for a given earthquake, different strategies, i.e. different alternative paths, are followed. This flow chart allows to consider all possible macroseismic description configurations in the same framework. When applied in a systematic manner, it allows to obtain consistent (homogeneous) magnitude and depth estimates over the whole historical period (e.g. in France, see the companion paper by Manchuel et al. 2017) . Depending on the case, the adopted strategy implies: (1) a ''Complete ET'' magnitude and depth simultaneous inversion scheme, when dealing with well documented events that exhibit a decay of macroseismic intensity with distance; (2) a ''Simplified ET'' magnitude and depth simultaneous inversion scheme when dealing with either, offshore or cross border events, which lack information at short epicentral distances but dispose of reliable data at large ones; (3) a priori-depth-based magnitude computation when dealing with poorly described (mainly ancient) events, only known by single/sporadic intensity data or worse, only few ''felt'' testimonies. In all cases the uncertainties associated to magnitude and depth estimates are quantified. These uncertainties result from the variability in the amount and in the quality of the macroseismic information available for the considered earthquake, as well as from the standard deviation of the adopted IPE model. Then the ET approach allows performing realistic characterization of the epistemic uncertainty related to the IPE(s) selection process.
Data and data processing
Since the beginning of the nuclear program launched in France in the 70's, a vast program of investigations was set up to collect all the available information on past earthquakes. This program led to the creation of the SisFrance database by BRGM, EDF and IRSN (www.sisfrance.net). For each earthquake, the SisFrance database provides information on the epicentral location, the epicentral intensity as well as the estimates of the effects induced by the earthquake at various localities (IDPs), expressed in steps of half intensity values according to the MSK 1964 intensity scale. Each IDP is associated to a quality factor that is representative of the level of confidence associated with the numerical estimate (quality A: certain intensity, quality B: fairly certain intensity, quality C: uncertain intensity). SisFrance does not provide a quantitative evaluation of the uncertainty these quality factors are representative of. In the present work, while building the isoseismals, we assign a weight to each IDP as function of its quality factor, as follows: W QA = 4, W QB = 3 and W QC = 2 for A, B and C qualities, respectively. When used, a weight W QD = 1 is assigned to quantified ''felt'' testimonies (see Sect. 2.2). Considering these weights as the inverse of the squared standard deviation associated to the intensity value, we obtain: r I,QA = 0.5 MSK, r I,QB = 0.58 MSK, r I,QC = 0.71 MSK and r I,QD = 1 MSK) A quality factor is also associated to the epicentral intensity value (quality A: certain epicentral intensity; quality B: fairly certain epicentral intensity; quality C: uncertain epicentral intensity, quality E: arbitrary epicentral intensity; quality K: fairly certain epicentral intensity, resulting from a calculation based on an attenuation law). The uncertainty values we assign to the epicentral intensities are the following: r Io,QA = 0.250 MSK, r Io,QB = r I0,QK = 0.375 MSK, r Io,QC = 0.500 MSK, r Io,QE = 0.750 MSK.
Finally, the SisFrance database provides quality factors associated to the epicentral location [quality A: exact location (a few km); quality B: fairly certain location (around 10 km); quality C: imprecise location (between 10 and 20 km); quality D: strongly assumed location (from a few km to 50 km); quality E: arbitrary location].
In this work, the 2014 edition of the SisFrance database has been used.
Treatment of ''felt'' testimonies
When the description of the effects produced by an earthquake at a given locality is not detailed enough in the original sources, it is not always possible to assess an intensity level (note that the term ''felt'' testimony refers to this kind of information). This holds in particular for ancient events, whose IDP distribution is often strongly incomplete and sometimes essentially composed of ''felt'' testimonies. Nevertheless, ''felt'' testimonies can be very valuable and should be exploited when more quantitative information is either, insufficient or lacking. However, one of the issues that are faced when dealing with ''felt'' testimonies is that they might be representative of several ground shaking levels and may vary with time. Indeed, for recent earthquakes, intensities as low as II MSK can be collected at large distances (i.e. during the 2003 February 22nd, Rambervillers earthquake), whereas for older events the felt area is likely to be related to larger intensities. In order to shed some light on this issue, IDP distributions are built for various periods of time (Fig. 1) . Half-intensity levels are assimilated to the lower intensity value (i.e. intensities II-III MSK are assimilated to the value of II MSK, intensities III-IV MSK to the value of III MSK and so on). The considered periods of time are defined by trial and error in order the resulting distributions are characterized by the sharpest drop at low intensity. Even though this approach carries some subjectivity, sensitivity analyses do not highlight any ''cliff-edge'' effect, i.e. the characteristics of the distributions evolve smoothly when modifying the limits of the selected time periods.
Figure 1 (top) shows that for the most recent period, the SisFrance database is statistically not complete below intensity III MSK. Indeed, a drop in the number of intensity data is observed below intensity III MSK, while one would expect the number of observations to increase from intensity III MSK to intensity II MSK. Similarly, during the period , the data distribution is characterized by a lack of intensities smaller than IV MSK. Finally, before 1875 the distribution is characterized by a lack of intensities smaller than V MSK.
Assuming that the ''felt'' testimonies correspond to intensities poorly represented in the SisFrance database, they are introduced into the analysis adopting the following strategy:
• For earthquake occurred starting from 1980, the intensity value associated with ''felt'' testimonies is randomly chosen between II and II-III MSK;
• For earthquakes occurred during the period , the intensity value associated with ''felt'' testimonies is randomly chosen between III and III-IV MSK; • For earthquakes occurred before 1875, the intensity value associated with ''felt'' testimonies is randomly chosen between IV and IV-V MSK.
As shown in Fig. 1 (bottom), taking into account ''felt'' testimonies allows to partially correct the effect of the lack of small intensity data and to improve the overall data completeness. In this work, as explained in the following section, this statistical correction is applied before estimating magnitude and depth of poorly documented earthquakes, allowing to enlarge the exploitable information.
Processing of SisFrance macroseismic intensity data
Prior to applying the seismological parameters estimation methodology, IDPs associated to the considered earthquake undergo an intensity binning procedure aimed at building the isoseismals. Either, for earthquakes disposing of less than 50 intensity observations, or earthquakes for which the proportion of felt testimonies is larger than 10% of the total number of observations, we assign an intensity value to the available ''felt'' testimonies depending on the epoch they derive from. Following the analysis described in Sect. 2.1, we apply:
• Earthquakes occurred starting from 1980: I felt = II MSK; • Earthquakes occurred during the period : I felt = III MSK;
• Earthquakes occurred before 1875: I felt = IV MSK.
The IDPs ''created'' in this way are assigned a quality factor D. Consistently to the procedure adopted in the companion paper , six different intensity binning strategies are applied, aimed at obtaining six different representations of the available data. The following six metrics are defined:
1. R AVG , corresponding to the weighted barycenter of the IDPs within a given class of intensity (i.e. for the considered intensity class, the isoseismal radius is taken as the weighted mean of the log 10 IDP hypocentral distances, and the corresponding intensity is the weighted mean of IDP intensity values). The width of the intensity class is fixed to 1.0 MSK. In the mean computation, the weight assigned to each IDP is function of the SisFrance quality factor associated to it (W QA = 4, W QB = 3 and W QC = 2 for A, B and C qualities, respectively. When used, a weight W QD = 1 is assigned to quantified felt testimonies). The uncertainty associated to each R AVG isoseismal radius is defined as the weighted standard deviation of the considered IDPs; 2. The R OBS metric is identical to the R AVG but using an intensity bin width equal to zero; 3. The R P50 metric is analogue to R OBS metric, but the weighted 50th percentile (using an intensity bin width equal to zero) is considered. The uncertainties on the R P50 isoseismal radii are defined as the half of the difference between the percentiles 84th and 16th of the IDPs hypocentral distances (expressed in the log 10 scale); 4. The R P84 metric is analogue to the R OBS metric, but the weighted 84th percentile (using an intensity bin width equal to zero) is considered. The uncertainties on the RP 84 isoseismal radii are defined as the half of the difference of the percentiles 98th and 50th of the hypocentral distances (expressed in the log scale); 5. The R F50 metric (to be intended as a kind of ''felt radius'') is equivalent to the R P50 metric but, rather than describing the decay of the macroseismic intensity with respect to the distance, only the intensity bin being representative of far field reliable information is considered. To obtain this isoseismal, the W parameter is defined, as follows:
where j represents the jth isoseismal, W nj is the square root of the number of IDPs in the isoseismal j, W q j is the sum of the weights associated to IDPs of isoseismal j (defined as function of the quality index assigned by SisFrance to each IDP) and R P50 j is the jth isoseismal radius. The isoseismal presenting the largest value of parameter W is selected as R F50 . 6. The R F84 metric is equivalent to the R F50 metric, but the 84th percentile is considered.
Finally, for all these metrics, the uncertainties associated to the isoseismals intensity values are deduced from the uncertainties on the hypocentral radii using the apparent slope b of the intensity decay with the log distance (I ¼ I 0 À b log 10 R = H ), measured on the isoseismal radii above completeness for each event. Figure 2 illustrates the application of the six binning strategies for the September 1866 Brenne earthquake.
Intensity of completeness
Basing the estimate of the earthquake seismological parameters on the decay of macroseismic data with distance relies on the hypothesis that the macroseismic dataset is complete. If such hypothesis holds for recent events down to very weak intensities, it may fail for historical events, for which weakest intensity information either has not been passed down to these days or is particularly difficult to collect. If not taken into account, these cutoffs in the data collection may introduce a bias in the inversion scheme. The following procedure has therefore been set up to identify the intensity of completeness in the macroseismic dataset of a given event, value below which the intensity data has been discarded from the inversion procedure. The lack of completeness is detected using the R AVG metric by identifying the inflection point in the cumulative number of observations per intensity bin, defined as the point where the second derivative of the cumulative number of observations as function of the intensity bin value changes sign. The intensity of completeness (IC) is therefore the intensity value corresponding to the inflection point. Figure 3a illustrates the macroseismic field for the September 1866 Brenne earthquake. After building the isoseismal radii according to the R AVG binning strategy (Fig. 3b) 
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360014 BRENNE (AZAY-LE-FERRON) 14-Sep-1866 earthquake -Io = VII MSK Fig. 2 Illustration of the six different binning strategies adopted to determine isoseismal radii from the observed data. Light grey circles IDPs; blue circles isoseismal radii for the corresponding metric; blue horizontal lines standard deviation associated to each isoseismal radius; red square epicentral intensity; red vertical lines standard deviation associated to the epicentral intensity value. Starting from the upper left panel and following clock-wise: R AVG , R OBS , R P50 , R F84 , R F50 and R P84 metrics
Flowchart and exploration tree: ET-approach
When calibrating intensity prediction equations (IPEs), Baumont et al. (2017) show that the result is pretty sensitive to both, the chosen parametrization and the calibration dataset. As a consequence, choosing a single (best) IPE to be used in the estimate of the seismological parameters for historical earthquakes clearly appears not reasonable. On the other hand, the use of a set of models looks a rational way to overcome this limitation. The results of both, residual analysis and goodness of fit evaluation procedures performed by Baumont et al. (2017) on the whole set of IPEs they propose, guide us in the selection of the subset of IPEs that are the most appropriate to be used in the estimation of the seismological parameters of historical earthquakes in metropolitan France. For detailed description of the earthquake datasets used to calibrate the IPEs, as well as their associated uncertainties and regional dependencies, the reader can refer to the Baumont et al. (2017) . a IDPs map, black square earthquake epicentral location (SisFrance); color circles IDPs (circle colors and sizes are related to the intensity value, following the colorbar on the right side; gold diamonds felt testimonies. b Decay of intensity with distance, light grey circles IDPs; bold grey circles isoseismal radii obtained using the R AVG intensity binning strategy; blue circles isoseismal radii above completeness; blue lines standard deviation associated to each isoseismal radius. c Isoseismal radii as function of the cumulative number of observations for each intensity bin, red star computed inflection point (see text); dashed line intensity of completeness 1. IPEs including both, geometrical spreading and intrinsic attenuation in their functional form; 2. IPEs defined for either, regional attenuation domains or an average attenuation at the national scale. In the latter case, the spatial variability of attenuation is not taken into account, while in the former case, the regional attenuation domains are defined on the basis of the Mayor et al. (2017 ) intrinsic attenuation maps at 1 Hz. In practice, within both, the IPE calibration phase, and the applications presented in this work, two main attenuation domains are considered: a low attenuation zone covering the Western part of France, and a high attenuation zone covering the rest of the French territory (see Fig. 2 in Baumont et al. 2017 ). These two alternative parametrizations are considered as different branches in the ET; 3. IPEs for which the epicentral intensity value was included either, as a constraint or simply as an additional datum during the calibration phase. Similarly to the previous item, these two alternative modelizations are considered as different branches in the ET; 4. IPEs calibrated using IDPs B VII MCS intensity scale for the Italian calibration earthquake datasets.
Within each of these four alternatives, which constitute as many ET branches, all the models determined on the basis of different data selection choices (e.g. calibration datasets characterized by Completeness Distance (distance corresponding to the Intensity of Completeness value) Dc C 30 km and 50 km and calibration datasets characterized by a number of complete intensity classes N_CLASS C 3, 5 and 7) are retained, giving six additional ET branches. Finally, for each of these models, the formulations following the six metrics described above (i.e. R AVG , R OBS , R P50 , R P84 , R F50 , R F84 ) are considered, either all of them or two of them (R F50 , R F84 ), following the case.
In summary, a maximum of N = 4 9 696 = 144 different IPEs are retained in the calculations. The ET approach allows us to deal with such a number of alternative models and to characterize the epistemic uncertainty related to the model selection process (i.e. the variability in the magnitude and depth estimates resulting from the fact that we do not know the ''true'' model that can explain the data exactly).
As mentioned before, all SisFrance earthquake macroseismic field configurations are treated following this same philosophy. However, depending on the macroseismic information we dispose of for a given earthquake, two main cases can be identified, as shown by the flow chart illustrated in Fig. 4 and described in the following sections.
Case of several IDPs available
When several IDPs are available for a given earthquake, it is possible to build isoseismal radii according to the six metrics described above. In this case, magnitude and depth can be simultaneously computed through a maximum likelihood inversion scheme based on a weighted least squares (WLSQ) criterion (Tarantola 2005) . The inversion procedure will be described in Sect. 4.1. Two subcases are further distinguished.
Earthquakes located within the French territory
In this case, we assume that the macroseismic data is sufficiently well distributed in both, the near and the far field. The so-called ''Complete ET'' (Fig. 4) is applied, i.e. the simultaneous inversion of magnitude and depth is performed for each selected IPE (i.e. 144 models), resulting in 144 individual couples (M i , H i ) allowing the different models to explain the decay of the intensity with distance, as well as the epicentral intensity value.
Earthquakes located either, offshore or outside the French boundaries
For most offshore or cross-border earthquakes, the macroseismic field provided by SisFrance is generally poorly described in the near field, with very few (if any) IDPs in the epicentral area. On the other hand, macroseismic observations are available at larger distances. Although the reason of this is obvious in the case of offshore earthquakes, for cross-border earthquakes this lack of data can be considered as inherent to the Sisfrance database, which is implemented in France and therefore mostly contains intensity observations collected within the French territory. Efforts of data homogenization and sharing at the European scale are ongoing (e.g. AHEAD platform, Stucchi et al. 2013; Locati et al. 2014 ) and should possibly be enhanced through EU founded project. In the future, these efforts will allow to dispose of homogeneous cross-border macroseismic data to be used in the estimation of the seismological parameters of earthquakes located close to the border, on either, one or the other side. In these cases we propose to adopt a ''Simplified ET'' (Fig. 4) , in which all IPEs are used, but only the R F50 and R F84 metrics are retained. Indeed, since the near field information for these types of earthquakes is either, nonexistent or strongly incomplete, we believe that restricting the inversion scheme to metrics representative of the earthquake effects in the far field allows focusing the computation on unbiased isoseismals. Again, simultaneous inversion of individual magnitude and depth couples is performed, resulting in 48 individual couples (M i , H i ) allowing the different Fig. 4 Flowchart and exploration tree (ET) scheme adopted for the estimation of magnitude, depth and associated uncertainties of SisFrance earthquakes models to explain the far-field macroseismic information, as well as the epicentral intensity value.
Case of single/sporadic (if any) intensity observations available
This is unfortunately the case for the majority of SisFrance earthquakes. Two subcases are distinguished.
Known epicentral intensity value, but isolated or sporadic IDPs available
This can often be the case of significant ancient earthquakes, for which handed-down information at the epicenter is sufficient to assign an intensity value, but information lacks when getting away from it. In this case the ''I 0 strategy'' is adopted (Fig. 4) , i.e. the depth is fixed a priori (see Sect. 3.3) and 144 individual magnitudes (M i ) are computed for the considered earthquake using the selected IPEs, the a priori depth and the epicentral intensity value.
Unknown epicentral intensity value
This is generally the case of extremely poorly known earthquakes, for which we dispose of several felt testimonies, but the associated information and the descriptions of the effects induced by the earthquake are not sufficient to assign a quantitative value to any data point (i.e. absence of quantified IDP). Nonetheless, based on expert judgment, SisFrance provides an epicenter location for these earthquakes. Following the methodology illustrated in Sect. 2.1, an intensity value is assigned to ''felt'' testimonies, based on the year they derive from. We therefore dispose of a ''felt intensity value'' and a ''felt radius'', this latter being defined as the mean hypocentral distance of felt testimony locations. In this case the ''Felt strategy'' (Fig. 4) is adopted, i.e. the depth is fixed a priori similarly to the previous case and 144 individual magnitudes (M i ) are computed using the selected IPEs.
Earthquake magnitude and depth
For all the cases identified in the previous sections, the earthquake magnitude is obtained as the arithmetic mean of all individual magnitudes (M i ), while the earthquake depth, when computed, is obtained as the geometric mean of individual depths (H i ). Uncertainties associated to individual magnitudes and depths, as well as the total uncertainty associated to the final earthquake magnitude and depth values are computed following the methodology described in Sect. 6.
4 Simultaneous inversion of earthquake magnitude and depth Baumont et al. (2017) describe the attenuation of macroseismic intensity as function of the hypocentral distance and the magnitude as follows:
Methodology
where similarly to Eq. (1), I j and
are the intensity and the mean hypocentral radius of the jth isoseismal, defined consistently to the considered metric (i.e. R AVG , R OBS , R P50 , R P84 , R F50 or R F84 ). D j are jth the epicentral radii and H the focal depth. M W is the moment magnitude of the earthquake and c 1 , c 2 , b and c region are the IPE coefficients determined by Baumont et al. (2017) consistently to each metric. Using the Tarantola (2005) notation, our forward problem can be formulated as follows in a condensed form:
where d is the vector of the observable parameters (i.e. the intensities of each isoseismal, defined according to a given metric and including the epicentral intensity value provided by SisFrance), g is the operator and m is the vector of model parameters (the unknowns M W and H). The operator g being a non-linear function of m, we face a problem of non-linear least squares minimization. To solve it we assume that g(m) is quasi-linear in the region of the model-data space of significant posterior probability density and we apply an iterative Quasi-Newton procedure. Following Tarantola (2005) , at each iteration the perturbation of the model parameters is given by:
where d n ¼ g m n ð Þ is the vector composed of the isoseismal intensities I j computed with the current model, m n is the vector composed of the seismological parameters M W and H at iteration n and G n is the matrix composed of the partial derivatives of I with respect to the current values of the seismological parameters:
C D and C M are the data and model covariance matrices, respectively. C D represents observational uncertainties as well as model uncertainties. Making the assumption of Gaussian uncertainties for both, modelization and observations,
2 j where j = 1,… is the number of isoseismals for the considered metric (including the epicentral value provided by SisFrance) and r d ð Þ j are the weighted standard deviations associated to each isoseismal. C T is the covariance matrix representing the modelization uncertainties, a diagonal matrix with C T ð Þ jj ¼ r IPE ð Þ 2 j . Standard deviations associated to IPEs (r IPE ) are provided by Baumont et al. (2017) . C M is also a diagonal matrix with C M ð Þ kk ¼ r M ð Þ 2 k where k = 1, 2 is the number of parameters (i.e. M W and H) and r M ð Þ k are defined a priori. As already described in Sect. 2.2, since the metrics used in this work are based on an intensity binning, the standard deviations associated to the isoseismals are originally expressed as weighted standard deviations of the isoseismal radii. The standard deviations on the intensity value of each isoseismal r d ð Þ j are then obtained from these weighted standard deviations using the apparent slope of the decay of intensity with the log distance, measured on the isoseismal radii above completeness for the considered event.
In practice, to avoid giving higher importance to less represented isoseismals (isoseismals built on the basis of a smaller number of IDPs might have lower standard deviations than others based on a larger number of IDPs), a minimum value for the standard deviation of the isoseismal radii is imposed before obtaining the r d ð Þ j . This minimum value is equal to 1 ffiffiffiffiffiffiffiffiffi ffi W QC p Á 1 ffiffiffiffi ffi N j p where N j is the number of IDPs in the jth isoseismal.
As mentioned above, the epicentral intensity provided by SisFrance is considered as an additional isoseismal, with a standard deviation defined on the basis of the quality index assigned by SisFrance, as follows: r I0;A ¼ 0:250, r I0;K ¼ 0:250, r I0;B ¼ 0:375, r I0;C ¼ 0:500, r I0;E ¼ 0:750 for quality indexes equal to A, K, B, C or E, respectively.
The algorithm is initiated at a starting point corresponding to the seismological parameters that would be obtained using an I 0 strategy for the considered metric. The iterative procedure is stopped when maximum likelihood point m ML is reached, i.e. when the ratio between each model parameter at iteration n and at iteration n -1 is smaller or equal than a tolerance value fixed at 1 ± 0.0001. To avoid the danger of falling in a local minimum, the algorithm is reinitiated five times at different randomly chosen magnitude and depth starting couples. The solution presenting the minimum misfit function is selected. For each computation, the misfit function is computed as follows:
In average, ten iterations are performed to conveniently approach the point m ML . Then, the a posteriori covariance operator can be estimated as:
where this time, G are the partial derivatives taken at the convergence point:
. Following Tarantola (2005), we interpret the square roots of the diagonal elements of the posterior covariance operator f C M as ''uncertainty bars'' on the posterior values of the model parameters M W and H (see Sect. 6).
Application to well described earthquakes, example of the 1866 Brenne earthquake
As shown in Fig. 3 , the macroseismic field for the 1866 Brenne earthquake is well represented and well distributed in space, with isoseismals considered complete down to intensity IV MSK (Fig. 3c) . This earthquake is a typical example of a SisFrance event for which the weighted least squares (WLSQ) inversion scheme described in Sect. 4.1 succeeds in determining robust, joint estimates of magnitude and depth parameters. Figure 5 show an example of an IPE fitting the isoseismal radii defined according to the different metrics (R AVG , R OBS , R P50 , R P84 , R F50 , R F84 ). Figure 6 shows the synthesis of all the solutions obtained by simultaneous magnitude and depth WLSQ inversion. As described before, each solution is representative of one of the 144 selected models. Although some dispersion of the results can be observed, the solutions obtained from the proposed inversion scheme are consistent to one another. We consider that the observed dispersion is representative of the uncertainty we would expect for the seismological parameters of an earthquake of the XIX Century. Indeed, the total uncertainty on the earthquake magnitude value is of 0.3 units, while the total uncertainty on the logarithm (log 10 ) of the earthquake depth value is equal to 0.10. Detailed description of the uncertainty quantification procedure will be given in Sect. 6.
Application to offshore or foreign earthquakes, the example of the 1804
English Channel earthquake Figure 7 shows the example of the September 1804, English Channel earthquake. Based on expert judgment, SisFrance provides a location for the epicenter of this earthquake, located off the coast of Saint-Malo. Obviously, no information within the epicentral area is available, while a few far field IDPs, as well as two felt testimonies are provided by SisFrance for this event (Fig. 7) . Given the small number of IDPs available, no intensity of completeness can be estimated on this dataset. In order to exploit at maximum all the information available, prior to running the inversion, the value of IV MSK is assigned to the two felt testimonies available, according to the criteria described in Sect. 2.2. Following the inversion scheme described in Sect. 3, the ''Simplified ET'' (Fig. 4) is applied for this earthquake, i.e. for each selected IPE, the simultaneous inversion of magnitude and depth is based on the epicentral intensity value provided by SisFrance and on the isoseismal defined according to the R F50 and R F84 metrics. As mentioned above, these two metrics are representative of far-field reliable information rather than describing the decay of the macroseismic intensity with respect to the distance. Figure 8 shows an example of an IPE fitting the isoseismals defined according to the R F50 and the R F84 metrics. Figure 9 shows the synthesis of all solutions obtained by simultaneous magnitude and depth WLSQ inversion for the four selected IPE families, the six calibration earthquake subsets and both metrics, i.e. 4 9 6 9 2 = 48 solutions. In this case, the dispersion of the results in terms of depths is larger than that of the Brenne earthquake (Fig. 6) . Keeping in mind that the considered earthquake is located offshore and is described only by few far field macroseismic observations, we consider this dispersion as a realistic representation of the uncertainty associated to the depth of an earthquake under these conditions. Lesser scatter is obtained for the magnitude results, which is a parameter easier to constrain than depth, especially when far field information is available. The total uncertainty on the earthquake magnitude value is of 0.6 units, while the total uncertainty on the logarithm (log 10 ) of the earthquake depth value is equal to 0.18. Detailed description of the uncertainty quantification procedure will be given in Sect. 6. Felt testimonies (a) Fig. 7 The 1804 earthquake in the English Channel (SisFrance reference number: 350011); a IDPs map, black square earthquake epicentral location; color circles IDPs (circle colors and sizes are related to the intensity value, following the colorbar on the right side; gold diamonds felt testimonies. b Decay of intensity with distance, light grey circles IDPs; light purple circles felt testimonies converted into quantified intensity values; blue circles isoseismal radii obtained using the R OBS intensity binning strategy (the whole dataset is considered); blue lines standard deviation associated to each isoseismal radius 5 Magnitude and depth estimation for poorly known earthquakes
As explained in Sect. 3.2, in the case of poorly known earthquakes, i.e. the cases of single/ sporadic (if any) quantified IDP available, the depth must be determined a priori using complementary information. Manchuel et al. (2017) , divide the French metropolitan territory and surrounding areas into the following nine regions: the French Alps, the Pyrenees, the Armorican Massif, the European Cenozioc Rift System (ECRIS), the Provence, the Tricastin region, the Hainaut, the Atlantic Ocean zone and the rest of France (see Fig. 3 in Manchuel et al. 2017 ). Each region is considered homogeneous in terms of seismogenic depth properties. In each of them, Manchuel et al. (2017) build a regional depth distribution using the earthquake depths computed using the WLSQ inversion proposed in the present paper (i.e. the depth of the earthquakes falling in the cases described in Sect. 3.1). These authors suggest then to select the median of this, assumed to be representative of the regional seismogenic depth, distribution as the ''preferred value'' to be used as a priori depth value for poorly described earthquakes in the considered region.
5.1 ''I 0 strategy'': the example of the 1509 Manosque earthquake Figure 10 illustrates the case of the 1509 Manosque earthquake. A single description of the earthquake effects allowing to assign an intensity value has been collected by SisFrance. The epicenter is then located by SisFrance on this same locality. A ''felt'' testimony is also provided for this earthquake (Fig. 10a) . Nevertheless, the epicentral intensity being available, the ''I 0 strategy'' is applied (see the flowchart in Fig. 4) . Following the regionalization scheme proposed by Manchuel et al. (2017) the 1509 Manosque earthquake is located within the Provence region. The earthquake depth is then fixed a priori to the value of 6 km, with an associated uncertainty r log10(h) = 0.20 (see Table 1 The magnitude solutions obtained using the 144 models are summarized in Fig. 10b . Since the depth is fixed a priori, only the variability of the magnitude results as function of the adopted IPEs can be appreciated. Finally, the earthquake magnitude is computed as the arithmetic mean of all individual magnitude solutions, i.e. M W = 5.3. The uncertainty associated to this value is computed following the methodology detailed in Sect. 6.2 and is equal to 0.7. Figure 11 illustrates the 1852 Albertville earthquake example. Only seven ''felt'' testimonies have been collected by SisFrance for this event, together with four ''non-felt'' testimonies. No epicentral intensity value is therefore provided by SisFrance. Nevertheless, based on expert judgement, Sisfrance provides a location for the epicenter of this earthquake (Fig. 11a) . Following the procedure explained in Sect. 2.2, the value of IV MSK is assigned to the ''felt'' testimonies, and the ''Felt strategy'' (Fig. 4) is applied. Following the seismogenic depth regionalization scheme proposed by Manchuel et al. the 1852 Albertville earthquake is located within the Alps region. The earthquake depth is then fixed a priori to the value of 7 km, with an associated uncertainty r log10(h) = 0.24 (see Table 1 in Manchuel et al. 2017) . For each IPE, the magnitude is then computed inverting Eq. (4) as function of M W , where I j and R j are the quantified felt intensity (IV MSK) and the felt radius (computed as the mean hypocentral distance of ''felt'' testimonies), respectively.
Felt strategy: the example of the 1852 Albertville earthquake
The magnitude solutions obtained using the 144 models are summarized in Fig. 11b . Since the depth is fixed a priori, only the variability of the magnitude results as function of the adopted IPEs can be appreciated. Finally, the earthquake magnitude is computed as the arithmetic mean of all individual magnitude solutions, i.e. M W = 2.9. The uncertainty associated to this value is computed following the methodology detailed in Sect. 6.2 and is equal to 0.6. Please, note that the magnitude of this earthquake is slightly below the validity range of the Baumont et al. (2017) IPEs. From a perspective of completeness, the seismological parameters of these small earthquakes can be obtained following the same scheme as larger ones. For sake of clarity, however, in the seismic catalog presented by Manchuel et al. (2017) they are assigned a specific flag.
6 The treatment of the uncertainties 6.1 Uncertainties associated to Mw and depths from maximum likelihood inversion scheme
The maximum likelihood inversion scheme described in the previous sections allows us to take into account the uncertainties associated to the estimation of seismological parameters of historical earthquakes, i.e. arising from both, the uncertainties affecting the macroseismic data, and the ''inaccuracy'' of the IPE used in the computations. Furthermore, the adopted ET overall approach, also allows to characterize the epistemic uncertainty associated to the IPE selection process, choice that usually carries a subjectivity component. Indeed, given the number of IPEs that globally fit the data equally well in a mathematical sense , the final choice of the ''one'' IPE to be used in the seismological parameter computation for French historical earthquakes would have been rather arbitrary. Moreover, as shown by Baumont et al. (2017) , the calibration of IPEs demonstrates to be sensitive to both, the chosen parametrization and the calibration dataset. In light of this, the use of a set of models rather than a single one, allows us to take into account this epistemic uncertainty. As discussed in Sect. 4.1, when macroseismic information available allows performing the WLSQ inversion following either, the ''Complete'' or the ''Simplified ET'', the square roots of the diagonal elements of the posterior covariance operator e C M are interpreted as ''uncertainty bars'' on the posterior values of the individual model parameters M Wi and H i . The ''Complete'' (resp ''Simplified'') ET therefore produces N solution couples, where N equals 144 (resp 48). The final M W value is obtained as the arithmetic mean of the N individual magnitude solutions. Similarly, the final H value is obtained as the geometric mean of the N individual depth solutions. As mentioned before, for each magnitude solution, the WLSQ inversion scheme produces an associated uncertainty value, UncM Wi . Similarly, the WLSQ inversion produces an uncertainty value associated to each depth solution, UncH i . These uncertainties include (1) the effect of the uncertainties carried by the macroseismic data used in the inversion, (2) the variability of the ith IPE, and (3) the way the ith IPE model fit the data. However, the variability in the magnitude and depth couples in the space of the solutions also needs to be considered in the total uncertainty associated to the final earthquake and depth solutions. Therefore, the two uncertainty components, i.e. the one coming from the macroseismic data, the models and the inversion procedure, and the second being representative of the variability of the obtained solutions, are combined before being associated to the final M W and H values. The former component is computed as the mean of the N UncM Wi and UncH i , respectively. The latter component is expressed, as the standard deviation of the M Wi distribution for the magnitude, and as the standard deviation of the log 10 H i distribution for the depth.
The two components of the uncertainty are then combined in the following way. Concerning the uncertainty associated to the final magnitude value: a quadratic combination is employed, as follows:
On the other hand, a Monte Carlo approach is applied to combine the two components of the uncertainty associated to the final depth value. Both, the posterior probability density function from the depth inversion solutions (defined as a normal distribution centered on the earthquake depth value and having standard deviation equal to the average of standard deviations associated to individual depth solutions), and the distribution of depth solutions issued from the different ET branches (log-normal distribution), are randomly sampled (100,000 random samples from each distribution). The total uncertainty associated to the final depth value (expressed in the log10 scale), is defined as half the difference between the 84th and the 16th percentiles of the sample distribution.
Going back to the examples given in Sects. 4.2 and 4.3, the uncertainties associated to the magnitude and depth estimates are computed as follows. 
Uncertainties associated to Mw and H estimates for poorly known earthquakes
As described in Sects. 3.2 and 5, when either, the ''I 0 '', or the ''Felt'' Strategies are applied, the earthquake depth must be fixed a priori. Manchuel et al. (2017) define the a priori depth value as the median of the regional depth distribution, where the depths used to build the distribution are the solutions of the WLSQ inversion proposed in the present paper, i.e. the depths computed for better described historical earthquakes in the considered region. The uncertainties on the a priori depth values are defined as half the difference between the 84th and the 16th percentiles of the distribution in the logarithmic scale, as follows:
where H Ã r ¼ P 50 H r ð Þ is the a priori depth value assigned to region r. The associated uncertainty is defined in the logarithmic (log 10 ) scale to be consistent with the observed depth distributions .
Then, for each IPE, the magnitude value is simply computed by inverting Eq. (4) as M W ¼ f I; R ð Þ. For the ''I 0 strategy'', the epicentral intensity I 0 is used as I value and the a priori depth H is used as R value. For the ''Felt strategy'', the quantified felt intensity is used as I and the felt radius is used as R value. For each magnitude solution, the associated uncertainty is then computed using the partial derivatives method, as follows:
Therefore, in the case of the ''I 0 strategy'':
Unc log 10 H Ã r
and, for the Felt strategy:
where H Ã r is the a priori depth, common for all earthquakes in a given region, D F is the felt radius and r EMPEi is the standard deviation associated to the ith IPE.
Discussion and conclusions
In this work we developed a procedure aimed at determining seismological parameters (moment magnitude M W and depth) for historical earthquakes, based on an ET approach. Depending on the macroseismic information available for the considered earthquake, different cases are identified. For sufficiently well described earthquakes (i.e. when at least two isoseismals can be defined), a simultaneous inversion of M W and depth is performed, based on a weighted least square maximum likelihood (WLSQ) inversion scheme (Tarantola 2005) . For poorly described earthquakes, i.e. when either, only the epicentral intensity, or only sporadic (if any) quantified intensity observations are available, the depth needs to be fixed a priori (regional depth values for the French territory are proposed by Manchuel et al. companion paper) and the magnitude is computed accordingly (by simply inverting Eq. 4) using the epicentral intensity or the Felt isoseismal, respectively. These are the so-called ''I 0 '' and ''Felt'' strategies, respectively. In all cases, the uncertainties related to both, the macroseismic data and the model (Intensity Prediction Equation-IPE), are fully taken into account and propagated to the results. In the case of WLSQ inversion, the square roots of the diagonal elements of the posterior covariance matrix are interpreted as uncertainty bars on the seismological parameters. For the ''I 0 '' and 'Felt'' strategies, the uncertainty on the a priori depth value is defined as half the difference between the 84th and the 16th percentiles of the regional depth distribution, in the logarithmic scale (see Manchuel et al. for details) . The uncertainty on the M W magnitude is then obtained by propagating the uncertainties on the a priori depth and on the IPEs using the partial derivatives methodology.
In addition to the M W and depth uncertainties related to the macroseismic data and modelization uncertainties, the ET approach also allows to take into account the epistemic uncertainty related to the choice of the IPE(s) to be used in the computations. Indeed, the methodology we propose in this work allows the operator to consider several different IPEs, each of them representing a branch of the ET. In the present work, four different families of IPEs have been considered, calibrated on the basis of six different earthquake calibration sets and formulated for six different metrics (see Baumont et al. companion paper) . It gives a total of 144 IPEs for the ''Complete ET'' and 48 IPEs for the ''Simplified ET'' (only the R F50 and the R F84 metrics are retained in this latter case) that globally suit the French context equally well. The final M W and depth values are defined as the mean (arithmetic and geometric mean, respectively) of all M Wi and H i obtained using the different IPEs, and the variability of the results [expressed as standard deviation of M Wi and of log 10 (H)] is interpreted as epistemic uncertainty, i.e. the variability of the results related to the lack of information, which prevents us from defining the ''true'' model.
The two components of the uncertainty, i.e. the one coming from the data and the modelization uncertainties, and the variability induced in the results by the use of different IPEs, are then combined to give the total uncertainty associated to the final M W and depth values. We use a quadratic combination of the two components to determine the total uncertainty associated to the magnitude value, while we use a Monte Carlo approach to obtain the total uncertainty associated to the depth value, expressed as the logarithm (log 10 ) of depth.
The described approach is applied in the companion paper ) to estimate M W and depth of French historical earthquakes, using the whole SisFrance (EDF, IRSN, BRGM) macroseismic database.
Note that, given the inherent uncertainty in the evaluation of the intensity based on very few observations, the reader should be aware of the limitations entailed by the use of the I 0 or Felt strategies on the estimated parameters. In spite of these limitations, however, exploiting the scarce information available is the only possible option to take into account poorly described earthquakes in seismic hazard studies. The uncertainties associated to the parameters estimated using these strategies, which are systematically larger than those associated to estimates obtained through either a ''Complete'' or a ''Simplified'' ET (see the catalogue provided as supplementary material to the Manchuel et al. 2017 paper) , reflect these limitations. The use of all the selected IPEs also in the case of poorly known earthquakes supports our confidence in the robustness of the obtained results.
A major improvement to the proposed methodology that will be considered in future works is to take into account the uncertainty on the epicentral location provided by SisFrance. Indeed, in the present work, only the uncertainty on the epicentral intensity value, those related to the quality of individual intensity observations, as well as those related to the selection and fitting to the data of IPEs are taken into account. However, as shown by Cecic et al. (1996) , the procedure for epicentral parameter determination can be uncertain and variable among different experts. While we expect the uncertainty on the epicentral location to have a negligible effect on the magnitude and depth estimates for well determined epicentres (although some influence on the uncertainty associated to these values is likely to appear), this is most likely not the case for poorly described ancient events with only sporadic intensity data. Indeed, in the SisFrance database, ancient earthquakes described by single (if any) intensity data points, are placed on the locality where the earthquake testimony is collected. However, for scarcely populated areas, the testimony of the earthquake effects might actually be located at tens of kilometres from the real epicenter. This can have a significant impact on the central value of the magnitude (the depth being fixed a priori). Finally, for earthquakes either, located offshore, or presenting an unbalanced scarce macroseismic field, we expect the uncertainty on the epicentral location to have a significant effect on the uncertainty associated to the magnitude and depth estimates, but this effect could be less important on their central values.
To further improve the proposed ET approach, a Bayesian updating technique can be used in the future, for each earthquake, to update the weight of each IPE in the inversion as function of the fit to the data.
